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Euler Method

General form of 15t Order Ordinary Differential Equation takes the
form

% =f(xy) ... (1)
X

With initial condition ~ Y(X=X,)=Y, [ Initial value problem]

Equation (1) can be written as ( in integral form)

Vou = Yot [ FOCYIAX e (2)

Xn

., and x_ arevery close to each other suchthat X ,—X =h
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Euler Method Contd.....

Now, this integral equation (2) can be solved by using different Approximation
method. In the first Approximation we can evaluate the integration of equation (2) by

assuming the function f(Xx,y)= f(x,,Yy,), thenwe get

Vor = Yo thE(X0¥,) e (3)

This is called Euler’s Formula.
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Modified Euler Method

Approximation Scheme:
If we approximate the integration of equation (2) by Trapezoidal method , then the

equation takes the form
h
yn+l - yn +E|: f (Xn’ yn)+ f (Xn+l’ yn+l):|

Use Euler method to Approximate vy .~y +hf(x ,y ) intheabove

equation we get

h
Y. =Y. +§[f (X0 Yo )+ F (Xprr Yo #DE (X, yn))]
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Modified Euler Method Contd......
Let klzhf(xn,yn)
k2 = h f (Xn+1’yn + kl)
So, the above equation becomes

k, + k,
2

yn+1 — yn +

This is the modified Euler’s Formula.
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Modified Euler Method Contd......

Local truncation Error due to the approximation:
k, + k,
2
with — k =hf(x,,y,) and k,=hf(x,+h,y, +k)

yn+1 — yn +

Taylor series expansion of K,

9, 9,
Kk, :h{f (xn,yn)+h&f(xn,yn)+klaf(xn,yn)+o(h2,klz)}
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Modified Euler Method Contd...

Since, k, =h f(x,,y,)=0(h)

2

. %(kﬁkz):hf(xn,yn)+h?{§f(xn,yn)+f(xn,yn)%f(xn,yn)}+0(h3) .....

Taylor series of Yna = y(xn T h)

/ h2 4
y(x,+h)=y(x,)+hy (xn)+?y
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Modified Euler Method Contd......

Substitute y'(x,)= f(X,,Y,)

and
o d o
"= — f(x_, + —Vy(x,)— f(x,,VY,
y ax(nyn) dxy(”)ay (Xn, Ya)
o o
:_f(xn’yn)+ f(xn’yn)_f(xn’yn)
O X oy
to get
06 +) =y () +h 00y = 20y + £ 06,9 £y [=O(hF)
1Jn 2 8X 1Jn ’nay Jn
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Modified Euler Method Contd......

From equation (4) and (5) it is clear that

Y (X )= y(xn)Jr%(k1 +k, )+ O(h3)

So the local truncation erroris QO ( h3)

The modified Euler method is second order accurate.
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2hd Order Runge-Kutta Method (RK2)

General 2" order Runge-Kutta method takes the form

k,=hf(x,,Y,)
k,=hf(x,+ah,y, + Bk,)

yn+1 - yn + alkl + aZkZ """""" (6)

Similar to the previous analysis

K, _hf(xn,y(xn ) and

)
k, = +h{oci X))+ B (%, y(x ))gyf(xn,y(xn))}+0(h3)

OX
coak +ak, =h(a,+a,) f(x,y(x,))

+a2h{a§ f(%Y(%,))+Bf(x, y(xn))% f(x,, y(xn))}ro(hs)
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2hd Order Runge-Kutta Method (RK2) Contd....

Comparing
ak, +a,k, =h(a, +a,) f(x,,y(x,))
+ azh{aa% f (X, y(%,))+ B f(x, y(xn))aﬁy f(x,, y(xn))} +0(h°)
with equation (5)

2

h“| 0 0 3
y(xn +h): y(Xn)+h f(Xn’yn)+?|:&f(Xn’yn)+ f(Xn’yn)af(Xn’yn):|+o(h )

To get a second order scheme Ynuau=Yn T a1k1 +4a, kz

we must have a +a, = 1 and
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2hd Order Runge-Kutta Method (RK2) Contd....

So, general 2" order Runge-Kutta Scheme:

ky=hf(x,,y,)
k,=hf(x, +ah,y, + Bk,)
yn+1 = yn T a1k1 + a2k2

with a +a,=1

Since we have 3 equations and 4 unknowns  a,,d,, a,ﬁ there are

infinitely many solutions
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2"d Order Runge-Kutta Method (RK2) Contd....

The most popular are

L Modified Euler method:
1
a=a =—, a=£=1
= =2, a=f
klzhf(xn,yn), k2=hf(xn+h,yn+k1)

and
1
yn+1 - yn +§(kl + kZ)

L Midpoint Method:

aizo’azzl’ a:ﬂ:%

k1=hf(xn,yn), kZ:hf(Xn+gayn+ﬁ)

and

yn+1 - yn + k2 )
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O Heun’s Method
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4th Order Runge-Kutta Method (RK4)

Schemes of the form (6) can be extended to higher order methods. The most
widely used Runge-Kutta scheme is the 4th order scheme RK4 based on

Simpson's rule.

V.=V +%(k1 + 2k, + 2k, + k, )

with k, = h f (x,,¥,)
h k
k., = h f X —+ —, - L
2 ( n 2 yn 2 j
h k
k., = h f X + —, - -
3 ( n 2 yn 2 j

k, = h f (x, + h,y, + k;)

This scheme has local truncation error of order O(h5), which can be checked in the

same way as the second order scheme, but involves rather messy algebra.
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